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Linkage disequilibrium between two linked loci was studied for a finite 
population with a subdivided population structure. Wright’s island model was 
used; extinction and replacement of colonies were also incorporated. Two 
alleles ( A ,  and A ,  at  the first locus, and R ,  and B,  at  the second locus) with 
symmetric mutation rates were assumed, and equilibrium properties of linkage 
disequilibrium coefficients were analyzed. In terms of analogy with the sub- 
division of inbreeding coefficient, the variance of linkage disequilibrium is 
divided into several components: 0 2  (variance of within-colony disequi- 
librium), DiT (variance of correlation of A,  and B,  of different gametes of 
one colony relative to that of the total population), and D;r (total variance 
of disequilibrium). Other subdivisions are 0 ‘ 2  (variance of correlation of A,  
and B ,  of one gamete of a colony relative to that of the average gamete of the 
population) and Ds”, (variance of the ordinary disequilibrium of the whole 
population). When migration is limited, the variance becomes large if the 
correlation of A,  and B ,  of one colony is taken relative to that of the whole 
population (DjT and 0:;). Also, when the rate of extinction-replacement of 
colonies is high, the whole-population disequilibrium coefficient ( 0 ’ 2 )  can be- 
come fairly large. Observed linkage disequilibria, such as those among markers 
in the major histocompatibility complex of man and mouse, may well be ex- 
plained by limited migration, without assuming epistatic natural selection. 
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LINKAGE disequilibrium, or nonrandom association of alleles at two loci, has 
been studied extensively both theoretically and experimentally (see HEDRICK, 

JAIN and HOLDEN 1978 for  review). Two causes are considered to be mainly re- 
sponsible for the nonrandom association of alleles: epistatic natural selection and 
random genetic drift. Perhaps the most impressive example of observed linkage 
disequilibrium is that among loci of the major histocompatibility complex 
(MHC) of man and mouse (BODMER 1979, KLEIN and FIGUEROA 1981). In  in- 
terpreting such an observed fact, these authors propose that functionally inter- 
related genes are clustered to form a “supergene”; that is, they consider the 
observed linkage disequilibrium to be caused by epistatic fitness interactions, i.e., 
natural selection. 

One flaw in the theoretical studies is that they are primarily concerned with 
random mating populations (see KIMURA and OHTA 1971) ; under such an as- 
sumption, linkage disequilibrium due to random genetic drift is generally thought 
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insignificant. This is probably the reason that the observed linkage disequi- 
librium, such as in MHC, is usually attributed to natural selection. However, the 
principal species studied, mouse and man, have (or have had) structured popu- 
lations; and migration between the subpopulations (colonies) may be quite lim- 
ited. Then, recombination between the loci in question becomes less effective 
(because of fewer heterozygotes) and linkage disequilibrium may be created 
among the local colonies. The purpose of this report is to clarify the magnitude of 
linkage disequilibrium due to random drift when the population is subdivided. 
We shall show that strong linkage disequilibrium may occur between the colonies 
when migration is limited. 

BASIC THEORY 

Because of the great complexity of the problem, we will present a very sim- 
plified situation, the Wright’s island model (WRIGHT 1940) is used. Let us con- 
sider a population (species) consisting of n colonies (subpopulations or demes), 
where each colony is assumed to consist of N breeding individuals (effective 
size). Let m be the migration rate among the colonies per generation. Note that, 
in the island model, every colony receives in one generation a fraction n of 
its individuals from the entire population. In addition, I assume, as did MARU- 
YAMA and KIMURA ( 1980). that each colony is subject to exticction at  rate per 
generation and that, whenever a colony is extinct, it is immediately replaced by a 
line derived from individuals from a single colony in the population. 

Again, for  simplicity, a two-allele model with symmetric mutation is assumed: 
U U 

U U 
A l e A A ,  and B s e B 2 ,  

and c is the recombination rate between the two loci. Table 1 summarizes the 
evolutionary processes and the parameters. 

Under this model, how much nonrandom association is expected between the 
A and B loci? Clearly, the expected value (mean) of the linkage disequilibrium 
coefficient is zero at equilibrium. Thus, in the following, the variance of the 
linkage disequilibrium coefficient is investigated. The variance is created by 

TABLE 1 
Processes and their parameters for the two-locus model 

Recombination : . . . . . . . . . . . .  Rate = c/generation 
Random genetic drift within a colony : . . . . . .  effective population size = N 

Migration (island model) . . . . . . . . . . .  Rate = m/generation 

Extinction-replacement of colonies . . . . . . . . .  Rate = X/generation 
Mutation (symmetric, two-allele) . . . . . . . . .  Rate = u/generation 

a = 2 ( m  + h) /n  

Number of colonies . . . . . . . . . . . .  n 

Variables of the z-th colony 
gli = frequency (A ,B , ) ,  g,, = frequency (AIL?,), g S i  = frequency (A,B,) and 
g4% = frequency (A$,) 
2% = g,, + g,, and Y, = gl, + gai 

Variables of the total population 
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random genetic drift, and in our model it is pronounced in each colony. Particu- 
larly when migration is limited, random drift in each colony would prevail and 
different types of chromosomes would spread in different colonies, increasing the 
variance of linkage disequilibrium. 

Let us consider the i-th colony, and let gli, gzi, g,i and g4i be the frequencies of 
A&, A,&, A,Bl and A& chromosomes in the i-th colony. Let xi == g,i + gzi and 
yi = g,; + g,i be the frequencies of A1 and B1 in the i-th colony. Further, let us 

m 

denote by large letters the population average of these variables: Gj = gi i /n  

for j = 1 - 4, X = x i /n  and Y = ,E yz/n,  These notations of variables are 
also summarized in Table 1. The linkage disequilibrium coefficient may be de- 
fined at various levels; the within-colony disequilibrium coefficient is, for the i-th 
colony, 

i=1 
IE 

%=I S=l 

Disequilibrium coefficients between the colonies, o r  the correlation of A ,  and B, 
within a colony relative to that of the total population are defined in the following 
ways: 

d, == g1i - XY (2) 
and 

d,’ xZyl - X Y  (2’) 
d,” = gl, - G, . (2’’) 

D = G , - X Y .  ( 3 )  

Finally, the disequilibrium coefficient of the total population may be expressed, 

The above subdivision of linkage disequilibrium coefficient is analogous to that 
of inbreeding coefficients of WRIGHT (1940) in structured populations (see also 
NEI 1975, HARTL 1981). A still closer analogy may be found in two-locus proper- 
ties of various matkg schemes (COCKERHAM and WEIR 1977) and of transmis- 
sion genetics of mitochondria ( OHTA 1981 ) . 

The expected values of the above disequilibrium coefficients become zero at 
equilibrium 

E{&} =E{d*,} = E{&} = E{&’} = E { b }  = 0 ,  
where the caret (A) means equilibrium and E denotes the expectation. Thus, in 
the following I shall formulate the change of the moments necessary for the 
variance of disequilibrium coefficients; and hence I shall evaluate the magnitude 
of the variances at equilibrium. 

T o  calculate variances, one needs moments of gli, xi, y,, GI, X and Y up to the 
fourth. Let us start from the second moments. Let s1 = E { x L 2 }  and sz = E { X 2 } .  
Then, as in MARUYAMA and KIMURA (1980), it is possible to get transition 
formulae of s1 and sz from one generation to the next. The basic theory is quite 
similar to the calculation of identity coefficients of gene members of multigene 
families (see OHTA 1980a fo r  review). The identity coefficient within one chro- 
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mosome corresponds to sr, and that between different chromosomes to sz. The 
analogy also extends to the model of extranuclear genes ( TAKAHATA and MARU- 
YAMA 1981),  and TAKAHATA (1982)  has started to formulate linkage disequi- 
librium for such genes. Now s , ( = E { x ~ * } )  changes, through random genetic 
drift within a colony, by the amount E{z ,  (1 - z , )} /2N,  in one generation. 
Through migration, it changes by the amount, 2 m { E ( X 2 )  - E ( X , ~ ) } ,  and, by 
mutation, 2u{E(zi)  - 2 E ( s i 2 ) } ,  per generation. Therefore, we have for the 
change of s1 in one generation, by assuming the parameters, 1 / ( 2 N ) ,  m, U Q 1,  

As, =- { E ( & )  - E ( . x , 2 ) } + 2 m { E ( X 2 )  - E ( z a 2 ) }  1 
2 N  

+2U{E(Z i )  -2E(z ,Z) )  . (4) 

As for s2 = E{Xs}) ,  it does not change by random drift within a colony, but is 
influenced by the extinction-replacement process of colonies. In  one generation, a 
colony has the probability h of going extinct and being replaced, and sr changes 

by the amount - - ( E ( X , ~ )  - E ( X 2 ) }  when n is sufficiently large (see MARUYAMA 
and K IMURA 1980).  Similarly, it changes by migration, with the amount 
2m - { E ( X , ~ )  - E ( X 2 ) } .  Its change by mutation is similar to that of sl, 
2 v { E ( X )  - 2 E ( X 2 ) } .  Therefore we have 

2x 
n 

n 

AS, 2(X+m) n { E ( X , Z )  - E ( X ” }  + 2 u { E ( X )  - 2 E ( X 2 ) }  . ( 5 )  

At equilibrium, As, = As, = 0, and E ( & )  = E ( k )  
values in the equations ( 4 )  and ( 5 ) ,  one gets the equilibrium second moments. 

i/z. By replacing these 

and 
A 2 ( h  + m)P, + n u  

2 ( h f m )  f 4 n u  f2 = E{XZ} = (7 )  

where a caret ( A )  means an equilibrium value. Note that, because of the 
symmetry of the model, we have 

E{yi2} = 8, and E { P 2 }  = f, . ( 8 )  
Let us proceed to the third moments. Let t be the vector of moments, t = ( t l ,  

t,, t3, . . . t s )  with 
tl = E{glizi} 
t z  = E{xi2y.i}  
t3 = E{G,X} 
t4 = E{XiyiX} 
t5 = E{X*Y} 
t e  =E{siZY} . 

( 9 )  

and 
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Again the changes of t by various forces in one generation are obtained. Some of 
the derivations will be given in the APPENDIX. It becomes, by assuming the 
parameters, 1/(2N), c, m, 
where a = 2 ( A  + m) /n. At equilibrium, it can be shown that 

2, == 2, = 2, = 8,/2 and 2, = 2, = f5 = fJ2. 

Also, from the symmetry of the model, we have E{z,yb2} = 2,, E{G,Y} = 2, and 
so on at equilibrium. 

The fourth moments are even more complicated. Let f be the vector of mo- 
ments, E = (f,, f 2 ,  . . . f 1 3 )  such that, 

and U < 1 .  

(11) 

fl  = ECg1,') 
f L  = E{G12} 
f ?  = E{gi,ztyt} 
f4  =E{G,(z ,y , ) )  and fll  = E { ( z , 2 ) Y 2 )  ( 12) 
f 5  = E{ (g,zz*) y >  
fi, = E{G,XY} 
f 7  = E{x.zyz2}  

f s  = E{ ( X I Z )  (YI2)  1 
f 9  = E{ (zzr,) (w,) } 
f i o  = E{ (~t'ye) Y }  

f i 2  = E{(x,yz)XY) 
f13 = E{X*Y*} . 

The changes of the above moments in one gerieration are expressed by the 
following equation. Some examples of their derivations will be given in the 

As before, the equilibrium values are obtained by putting Af E 0. 
In terms of the above moments, the variances of linkage disequilibrium co- 

efficients take the following form when ra:idom drift, migration, mutation, re- 
combination and extinction-replacement of colonies balance each other. By 
means of the analogy with subdivision of inbreeding coefficients of WRIGHT 
(1940) (see also NEI 1975 and HARTL 1981), the subscripts IS, ST and IT, are 
used. Note that the process of the frequency change is stochastic because of ran- 
dom genetic drift within a colony and of extinction-replacement of colonies. In 
the following formulation, expectation is taken for distribution and the symbol E 
denotes expectation with respect to such distributions of x., y. and gl.. The vari- 
ance component of disequilibrium within a colony is denoted as D;s and it 
becomes 

APPENDIX.  

DB = E{s;}  = E{g;,  - 2g1,z,y, + stx;} = jl + j 7  - 2j3 . (14) 

The variance of correlation of A1 and B,  of different gametes of one colony relative 
to that of the total population is 

Dip= E{d;'} 1 E { z : ~ :  - 2z,y,XY + X2Y2}  = + - 2f12 . (15) 

The variance of correlation of AI and B,  of one gamete in a colony relative to that 
of the total population is 
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The next component is the variance of disequilibrium of the total population: 

DFT = E{D2}  = E{G: - 2GlXY f X2Y2} 1 fz 4- j ls  - 216 . 

D:, = E { d t }  = E{g:i - 2gl,XY X2Yz} il + j 1 3  - 216 . (18) 

(17) 

Finally, the total variance of linkage disequilibrium becomes 

Note that the additivity principle as in inbreeding coefficients does not hold for 
the above components of linkage disequilibrium, and we have 

D;T f D:, $- DfT . 

However, it does hold for the other subdivision: 

A useful measure of linkage disequilibrium may be the standardized value, 
standardized linkage disequilibrium, sometimes called squared standard linkage 
deviation (HILL and ROBERTSON 1968, OHTA and KIMURA 1969, SVED and FELD- 
MAN 1973). Standardization is appropriate for  Djs and OfT. 

j1 + f 7  - 2j3 - - 

and (21 1 

Standardized linkage disequilibrium is only slightly influenced by mutation rate, 
and it takes a similar value even in the infinite allele model of mutation, as my 
further analysis shows, so long as other parameters remain the same (OHTA 
1982). 

DISCUSSION A N D  EXAMPLES 

This study is the first theoretical evaluation of the magnitude of linkage dis- 
equilibrium for a structured population at equilibrium. In particular, the 
theory for subdividing the variance of disequilibrium into components has been 
established. Many attempts have been made to investigate the effect of limited 
migration on linkage disequilibrium (MAYNARD SMITH 1968, CAVALLI-SFORZA 
and BODMER 1971, SINNOCK and SING 1972, NEI and LI 1973, PROUT 1973, 
KARLIN 1973, LI and NEI 1974, FELDMAN and CHRISTIANSEN 1975, SLATKIN 
1975). However, all these studies treat special transient cases, not a general 
situation as given here. Also, the effect of nonrandom mating such as selfing 
has been shown to reduce effective recombination and therefore to increase 
disequilibrium (KARLIN 1969; WEIR and COCKERHAM 1969, 1973; CLEGG, 
ALLARD and KAHLER 1972; WEIR and HILL 1980). In these studies, however, 
no population subdivision was taken into account. 
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BROWN and FELDMAN (1981) have developed a series of indices on the vari- 
ance of the number of heterozygous loci for measuring multilocus associations 
of structured populations. Their variance components include some with two 
loci, which may be directly obtained from the moments of equation (12). The 
present theory provides a theoretical basis for any measure on allelic association 
of two loci for subdivided populations. 

By using the theory developed in the previous section, the variances of linkage 
disequilibrium coefficients are numerically obtained for some interesting cases. 
Figure 1 shows three measures of linkage disequilibrium, D;s, D;T and D:T as 
functions of migration rate. In the figure, migration rate, my changes from zero 
to 0.015. Other parameters are n (number of colonies) = 200, N (colony size) = 
100, U (mutation rate) = 10-4, c (recombination rate) = 0.005 and X (extinc- 
tion-replacement rate) = Such a population structure is considered to be 
realistic for mammalian species such as the mouse or ancient human populations. 
From the figure, it can be seen that, when migration is limited, the total vari- 
ance of linkage disequilibrium becomes large. For example, when m = 0.001 
(Nm = 0.1 ) , meaning effective migration of one individual in 10 generations, 
D;T= 0.106; when m = 0.005 (Nm = 0.5), D;? = 0.052. In these examples, 
recombination rate is 0.01, and therefore such a large linkage disequilibrium 
is expected between loci one centimorgan apart. 

Next, let US examine how disequilibrium is influenced when the recombina- 
tion value changes. Figure 2 illustrates three measures of variance of disequilib- 
rium as functions of recombination rate. Parameters are; c = 0 - 0.01, n 200, 
N =  100, U = and m = 0.01. Again large variance of linkage 
disequilibrium appears between the colonies. When c becomes larger, the vari- 
ance gets smaller; however, the rate of decrease is rather small. 

As shown above, the variance of disequilibrium may get fairly large when 
the population is structured, if disequilibrium within a colony is measured rela- 
tive to that of the total population (D;, and 0:;). This is because different 
types of chromosomes spread in different colonies by random genetic drift, and 
migration is insufficient to mix chromosome types. It is generaily said that, 
when 4Nm > 1 , genetic differentiation is negligible among the colonies (WRIGHT 
1969). However, this statement does not apply for  linked loci. Linkage and 
limited migration apparently enhance the effects of each other. 

The variance of total-population disequilibrium (Or.,) is not very large ir, 
the above examples; however, when extinction-replacement of colonies is rapid 
and the number of colonies is small, it may become significant. Particularly, 
when standardized linkage disequilibrium ( c.,) is measured, this tendency be- 
comes clear. Table 2 shows some examples of when the number of colonies is 
small or extinction rate is high. 

To compare linkage disequilibrium due to random drift with that due to 
natural selection, I include Figure 3, Dz expected from epistatic natural selec- 
tion. KIMURA’S (1956a) result is used. In his model, it is assumed that the first 
locus (Aly A,) is maintained polymorphic by overdominance, whereas, for the 
second locus, the first allele ( B , )  is advantageous in combination with A, but 

= 
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D2 

m 
FIGURE 1 .-Variances of three measures of linkage disequilibrium as functions of migration 

rate (m) ,  at equilibrium. Parameters are, N = 100, 21 = 10-4, n = 200, and c = 0.005, A = 0.01. 
They are numerically calculated, by generating the third and fourth moments (equations 10 
and 13) from one generation t o  the next for at least 2/21 generations. 

disadvantageous in combination with B,  and the second allele (BB) is in reverse 
relationship. The selection scheme is shown in Table 3, where t is the coefficient 
of overdominance at the A locus, and c is the intensity of epistasis at the B 
locus. In this model, the frequencies of AJ?, and A$, chromosomes increase 
and D is expected to be positive. KIMURA (1956a) has shown that, at equilib- 
rium, D becomes 

where p = (1 + Z ) C / E .  When t < 1, /3 is roughly the ratio of recombination 
fraction and epistatic selection intensity. Also, the positive value of D is stable 
when c < ( t z  - ~ ? ) / { 4 t (  1 + t )  } (KIMURA 1956b). For a comparison with dis- 
equilibrium due to random drift, the relationship between Dz and is given in 
Figure 3. To maintain a large disequilibrium, ,!3 has to be much less than unity, 
as can be seen from the figure; in other words, the recombination value has to 
be much less than the epistatic selection intensity. 

From the above analyses, one predicts that the relationships, 0:; > D$ and 
DiT, > D”,, usually hold when migration is limited. On the other hand, if 
epistatic natural selection is responsible for linkage disequilibrium, as in the 
model of KIMURA (1956), one predicts D:”, < D$, and D& < D:;. . Therefore, 
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D L  

C 

FIGURE 2.-Variances of three measures of linkage disequilibrium as functions of recom- 
bination rate ( c ) ,  when various forces balance each other. Parameters are, .N = 100, U = 10-4, 
n = 200 and m = X = 0.01. 

TABLE 2 

Variances of three measures of linkage disequilibrium when rate of extinction-replacement 
of colonies (X) is high and number of colonies (n)  is small., 

Parameters 
N = 2 0 ,  u=10-4, 

m = 10-3, c = 0.005 
Second moments 

SI SZ 

X = 0.0 
X = 0.02 
= 0.04 

n = l O O  X z 0 . 0 6  
X = 0.08 
X = 0.1 

0.479 0.261 
0.487 0.371 
0.490 0.411 
0.491 0.432 
0.492 0.444 
0.493 0.453 

D L  
0.001 1 
0.0004 
O.OOO2 
0.0001 
0.0001 
o.oDo1 

Linkage disequilibrium 
0 2  D',"T 0'2 

T T  ST I S  

0.731 0.1645 0.0007 0.012 
0.723 0.0994 0.0026 0.151 
0.704 0.0706 0.0018 0.212 
0.682 0.0547 0.0012 0.245 
0.660 0.0447 0.0009 0.265 
0.638 0.0377 0.0007 0.276 

n = 40 0.493 0.463 0.0001 0.637 0.0373 0.0007 0.277 
n = 60 0.492 0.437 0.0001 0.674 0.0505 0.0011 0.254 

0.491 0.423 0.0002 0.693 0.0614 0.0014 0.232 
n= 120 0.489 0.401 0.0303 0.711 0.0784 0.0020 0.196 

X=O.O4 n=80 

* Note fairly large values of U',", (standardized linkage diseauilibrium of the whole population). 
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0.0 0.5 1.0 1.5 2.0 

P 
FIGURE 3.-Linkage disequilibrium due to epistatic natural selection. For comparison with 

that due to random genetic drift, 0 2  is shown. Abscissa is B = (1 f t ) c /& where t is hetero- 
zygote advantage at the first locus, c is recombination rate and E is epistatic selection coefficients. 

the ratio, D;i/D2T or  D ~ , / D ~ ,  may be a measure for testing which of the factors, 
epistasis or population subdivision, is the main cause of observed linkage dis- 
equilibrium. The data as given in KLEIN and FIGUEROA (1981) would be useful 
for such a test. 

Even selectionists now realize that subdivided population structure may be 
partly responsible for observed linkage disequilibrium ( BODMER and BODMER 
1978, WILLS 1981). The question is, which is more important, limited migra- 
tion or epistasis? I suggest that tight linkage and limited migration are the main 
cause of disequilibrium rather than natural selection, for the following reasons: 
Although some MHC markers are known to have a strong correlation with cer- 
tain autoimmune diseases (e.g., SASAZUKI, MCDEVITT and GRUMET 1977), such 
diseases would not have much influence on fitness. I n  particular, epistatic selec- 
tion coefficients much larger than the recombination rate would be difficult to 

TABLE 3 

Fitnesses of the model of epistatic natural selection+ 

I+& 1 + t  I - &  
1 1 + t  1 

1 - &  1 + t  I + &  

* From KIMURA (1956a). 
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imagine even for tightly linked markers. Also, as pointed out before, mammalian 
species have structured populations with limited migration among the colonies 
(KLEIN 1979). In addition, because of the rapid development of modern human 
society, present races, such as Caucasian or Oriental populations, may be mix- 
tures of previously separated colonies. Then large D& or  0; would be reflected 
by a large disequilibrium within the present populations. 

On the other hand, invertebrates such as Drosophila may have different popu- 
lation structures from those of mammals. Data on single loci already suggest 
less differentiation in Drosophila species than in mammals (AYALA et al. 1974). 
Studies of linkage disequilibrium suggest that there is a very small amount of 
disequilibrium with the exception of loci involved in chromosome inversions 
(MUKAI, METTLER and CHIGUSA 1971; MUKAI, WATANABE and YAMAGUCHI 
1974; LANGLEY, TOBARI and KOJIMA 1974; PRAKASH 1974; ZOUROS et al. 1974). 
Thus, it would be reasonable to conclude that migration is sufficient in most 
Drosophila species to mix the various genotypes among the local colonies. 

Data on genetic polymorphisms are now available not only for the higher 
organisms mentioned above, but also for  E. coli. SELANDER and LEVIN (1980) 
surveyed electrophoretic variation at 20 enzyme loci in 109 clones of E .  coli 
from natural populations. A most notable fact is that linkage disequilibrium 
is pronounced among the clones, In this case, there is linkage disequilibrium 
between all pairs of loci in the genome, indicating that the sexual recombination 
is very rare in this organism. Therefore, the recombination rate c 0 in our 
model, and a large variance of disequilibrium is expected. 

As discussed above, the present theory provides a useful tool for understanding 
observed linkage disequilibrium. However, the model may be too simple; classi- 
cal two-allele mutation and island model migration are assumed. It  would be 
desirable to extend this work to a more general mutation scheme as has been 
done for panmictic populations (OHTA and KIMURA 1971, HILL 1975, GRIFFITH 
1981, TAKAHATA 1981), and I have recently worked out this problem for the 
infinite allele model (OHTA 1982). It would also be preferable to study linkage 
disequilibrium with a more general population structure. 

A final remark is concerned with the model where random drift takes place at 
more than one level. In our case, it occurs within the colony by random genetic 
drift and in the whole population by extinction-replacement of colonies. In the 
model of multigene families (OHTA 1980a), random drift occurs on the chromo- 
some by unequal crossing over and in the population through random sampling 
of gametes. To clarify linkage disequilibrium between amino acid sites within the 
variable region of immunoglobulins, I performed the following approximate 
analyses (OHTA 1980b). Because of the much lower rate of drift in the chromo- 
some than in the population, and because of sufficient exchange of genes between 
the chromosomes, gene diversity measured by amino acid identity is almost the 
same whether it is measured within the chromosome or between the chromo- 
somes. Likewise, I assumed that the variance of linkage disequilibrium between 
amino acid sites would be similar whether it is measured within the chromosome 
or between chromosomes. By means of the present theory, it i s  now possible to 
examine this assumption. Table 4 shows some examples comparable to the case 
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TABLE 4 
Variances of three measures of linkage disequilibrium when random drift within the colony 

is slow compured to the high rate of extinction-replacement of colonies' 

Parameters 
n = 20, m = A = 0.1 

Second moments Linkage disequilibrium 
S1 s2 D;S a2 IS D:T D:p u:T 

C 

0.0 

0.001 
N=500 0.0005 
v = 10-4 

0.0025 

0.0 
N = 103 0.0005 

U = 10-5 0.001 
0.0025 

0.0037 0.090 0.0043 0.0036 0.086 
0.2970 0.2961 0.0020 0.048 0.0025 0.0018 0.044 

0.0014 0.034 0.0019 0.0012 0.029 
0.0008 0.019 0.0013 0.0006 0.015 

0.0034 0.241 0.0036 0.0034 0.239 
0.0005 0.040 0,0008 0.0005 0.037 

0.3831 0.3828 0.0003 0.023 0.0005 0.0003 0.020 
0.0002 0.011 0.0004 0.0001 0.009 

0.0006 
0.0006 
0.0006 
0.0006 

0.0002 
0.0002 
0.0002 
0.0002 

* Note that the three disequilibrium coefficients are almost the same. 

of this multigene family. The approximation seems to work well. In other words, 
the variances of three measures of linkage disequilibrium are almost equal (D;s z 
D:tT DTT ) and D:: = E{ (xiyi - XU) 2} z 0, indicating that there is little dif- 
ferentiation among the colonies with respect to the two loci. In such cases, linkage 
disequilibrium is expected to be similar whether it is measured in the colony 
(within a chromosome in case of a multigene family) or between colonies (be- 
tween the chromosomes in the multigene model). 

I thank M. KIMURA for  his continuous encouragement throughout the course of this study. 
I also thank K. MORIWAKI and N. TAKAHATA for their stimulating discussions, and J. F. CROW, 
W.  HILL and B. S. WEIR for their many valuable suggestions and comments on the manuscript, 
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APPENDIX 

Derivation of coefficients for the change of the third and fourth moments: 
There is no space to present derivations of all coefficients of the equations (10) and (13), 

therefore only a couple of equations are derived below. All calculations in the following are the 
one-generation changes of moments. Let us start with t ,  = E(g1,xi}. Through mutations, t ,  
changes by the amount, 

where A,,,{A} denotes expected change of A by mutation. The change of moments by random 



I S L A N D  M O D E L  L I N K A G E  D I S E Q U I L I B R I U M  155 
genetic drift within a colony may be obtained by using the diffusion equation method of 
OHTA and KIMURA (1969). The amount of change of I, becomes, denoting the expected change 
by random drift as Adrift ,, 

1 

2N 
Adrift{tl} =E{-gg,,(l - Xi)} * (A21 

Next, by recombination with rate c, t ,  changes by the amount 

Arec{lg,I = E{c( z i2y i  - glizi )}  (A3) 

where A,,,{ e }  denotes the expected change by recombination. Finally through migration with 
rate m, 

Amig{tll =E{mi(Gg,-gg,i) 4- mgg,i(X-zi)I 
= 2mE { G,X - glixi} , (A41 

where Amig{ e }  represents expected change by migration. On the average, t ,  is not influenced 
by extinction-replacement of colonies. Thus, sum of the above equations (Al)-(A4) gives the 
coefficients of the f i s t  line of equation (IO). 

Next, two moments, f, and f13, are chosen for illustration. It is easy to obtain the changes in 
f ,  by mutation and recombination. 

AmutEIfll =2uE{gii(zi 'I- Y $  '- 4g1i) 1 

A,,,E{fJ = cE{gli(ziYi - gli )  1 * 

(A51 

(A6) 

Ami&{!,} =2mE{g,i(G,- g l i ) l  =2mEIGl2-gg,i21 (A7) 

and 

Through migration, 

Transformation by random genetic drift within the colony is again calculated by the method of 
OHTA and KIMURA (1969). It becomes 

AdriftE{fl} E k l i  - gii2} * (A8) 2N 

The total amount of Af, may be obtained by summing (A5)-(A8), since f, is not influenced by 
extinction-replacement of colonies. On the contrary, j13 = E{X2Y2} changes through extinction- 
replacement process, but neither by random genetic drift within the colony, nor by recombi- 
nation. In calculating, consider the following relationship: 

(-49) 
Now, AX and AY through migration and extinction-replacement process are zero on the aver- 
age, and AX2, AY2 and AXY have the coefficient, a = 2(m + A)/n, such that this fraction of 
the second moment with respect to the total population are replaced by those moments within 
the colony (MARUYAMA and KIMURA 1980). Therefore, we have, 

A{E(X2Y2)} =E{2X2Y(AY) +2XY2(AX) +X2(AY2) + Y2(AX2) + 4xY(AxY)} . 

Amig-extIE(XZ) 1 = amxi2 - x9 , W O )  

where Amig-ext{ e }  denotes expected change by migration and extinction-replacement process, 
and AY* and AXY have similar expressions. By mutation, f13 changes by the following amount: 

( A l l )  Amut{f13} =2uE{X2Y(1 -22y) +XY'(I -2X)}  . 
Therefore, we have, for the total change of f,, in one generation, 

Note that, because of symmetry of the model, and since we are interested in the magnitude of 
linkage disequilibrium when various forces balance each other, symmetric relationships, such as 
E(X2Y) =B(YZX) or E(zi2Y2) =X2yi2), are assumed in formulating equation (13). Thus, 
the equation is unappropriate for generating moments in certain transient situations. 

A{j13} == &JE{X~Y $- XY2- 4XZY2) +taE{zi2Y' X'yi2 f 4 ~ , y i X Y  - 6XZY2) . (Ale)  


